Abstract-We construct new MDS or near-MDS self-dual codes over large finite fields. In particular we show that there exists a Euclidean self-dual MDS code of length n = q over GF (q) whenever q = 2 m (m ≥ 2) using a Reed-Solomon (RS) code and its extension. It turns out that this MDS self-dual code is an extended duadic code. We construct Euclidean self-dual near-MDS codes of length n = q − 1 over GF (q) from RS codes when q ≡ 1 (mod 4) and q ≤ 113. We also construct many new MDS self-dual codes over GF (p) of length 16 for primes 29 ≤ p ≤ 113. Finally we construct Euclidean/Hermitian self-dual MDS codes of lengths up to 14 over GF (q 2 ) where q = 19, 23, 25, 27, 29.
I. INTRODUCTION
Let q be a power of a prime p. An [n, k] code C over GF (q) is a k-dimensional subspace of GF (q) n . The value n is called the length of C. The weight wt(x) of a vector x ∈ GF (q) n is the number of non-zero components of x. The minimum non-zero weight of all codewords in C is called the minimum weight of C and an [16] . Self-dual codes over GF (q) satisfy a modified Gilbert-Varshamov bound [15] . A (Hermitian) self-dual [n, n/2, n/2 + 1] code over GF (q) is called extremal and is in fact an MDS code. In general, any linear [n, k, d] code over GF (q) meeting the Singleton bound n − k ≥ d − 1 with equality is called an MDS code. A linear [n, k, n − k] code over GF (q) is called an almost MDS code [5] . An [n, k, n − k] almost MDS code for which the dual code is also an almost MDS code is called a near-MDS code [6] .
The MDS Conjecture asserts that if there is a nontrivial [n, k] MDS code over GF (q), then n ≤ q+1, except when q is even and k = 3 or k = q −1, in which case n ≤ q +2 [14, pp. 95], [13, pp. 328] . MDS codes are equivalent to geometric objects called n-arcs [13, pp. 326] and combinatorial objects called orthogonal arrays [13, pp. 328] . Hence there has recently been great interest in the construction of (near) MDS self-dual codes over large fields (see [3] , [7] , [10] , [12] ).
In this paper, we extend the results in [3] , [7] , [10] , [12] , where MDS self-dual codes over GF (q) of lengths up to 16 are given for certain (large) values of q. As it is very difficult to calculate the The work of Y. Lee was supported by KOSEF under Grant R01-2008-000-11721-0.
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minimum distances of high dimension unstructured codes over large fields, it seems infeasible to construct an MDS self-dual code over GF (q) of length n ≤ q + 2 (due to the MDS conjecture) for each n, given q. However we show that the maximal length n for which there exists an MDS self-dual code over GF (q) is at least q if q is a power of 2.
More precisely, we show that there exists a Euclidean self-dual MDS code of length n = q over GF (q) whenever q = 2 m (m ≥ 2) using a Reed-Solomon (RS) code and its extension. It is worth mentioning that this MDS self-dual code is an extended duadic code. We also describe how to construct Euclidean self-dual near-MDS codes of length n = q − 1 over GF (q) from RS codes when q ≡ 1 (mod 4).
In [3] , a [16, 8, 9 ] MDS self-dual code over GF(23) was presented, and an MDS self-dual code of length 16 over GF(79) was given in [10] . No other MDS [16, 8, 9] self-dual codes over prime fields were known. For other primes 29 ≤ p ≤ 113, we give MDS selfdual codes of length 16 over GF(p). We also construct many new Euclidean/Hermitian self-dual MDS codes of lengths up to 14 over GF (q 2 ) where q = 19, 23, 25, 27, 29 and near-MDS self-dual codes of length 16 over GF (q 2 ) where 11 ≤ q ≤ 29. All calculations were done using Magma [4] and C language programs.
II. EXISTENCE OF LONG EUCLIDEAN SELF-DUAL MDS CODES

A. Euclidean self-dual MDS codes over GF (2 m )
This section shows that there exists a Euclidean self-dual MDS code of length n = q over GF (q) where q (> 2) is any power of 2 using a Reed-Solomon code and its extension.
Recall that for any q a prime power, a Reed-Solomon code over GF (q) is a BCH code of length n = q − 1. The following lemmas are well known.
Lemma II.1. [11, Theorem 5.2.1] Let C be an RS code over GF (q) of length n = q − 1 and designed distance δ.
⊥ is also cyclic and has defining set N \(−1)T .
Let q be a power of 2 (q > 2). Now consider an RS code C1 over GF (q) of odd length n = q−1 with defining set
has dimension k = (n − 1)/2 and minimum distance d = (n + 3)/2 being MDS. Therefore C 2 is an even-like duadic code whose splitting is given by µ −1 due to the following lemma. See [11] for duadic codes and splitting. 
We summarize what we know about D 2 . D 2 is an [n, (n + 1)/2, (n + 1)/2] RS code over GF (q) and also an odd-like duadic code. Usually extension by an overall parity check does not increase the minimum distance. However we have a positive result in the case of RS codes as follows.
Lemma II.5. 
B. Euclidean self-dual near-MDS codes over GF (q)
In this section we construct Euclidean self-dual near-MDS codes of even length n = q − 1 over GF (q) from RS codes when q ≡ 1 (mod 4).
Let q be a power of an odd prime. Now consider an RS code C1 over GF (q) of even length n = q − 1 with defining set
Then C 2 is self-orthogonal (under the Euclidean inner product) as T ⊂ T . C2 has dimension k = (n/2) − 1 and minimum distance d = (n/2) + 2 being MDS. Note that as C2 has even length n and dimension n/2 − 1, extending by one coordinate as in Section II-A does not produce a self-dual code of length n + 1 since self-dual codes exist only for even lengths.
It is well known [11] that if q ≡ 3 (mod 4) then there is no Euclidean self-dual code over GF (q) of length n ≡ 2 (mod 4). Hence we further assume that q ≡ 1 (mod 4).
Consider the two dimensional quotient vector space C
Then this space is a hyperbolic plane P =< v, w >, where v · v = 0, w · w = 0, and v · w = 1. Note that the vectors av and bw (a, b ∈ GF (q)) are the only self-orthogonal vectors of P [1, Ch. III]. Hence we obtain two self-dual codes C := C 2 + < v > and C := C2+ < w > (regarding v and w as representatives of C ⊥ 2 /C 2 ). Since the weight of v (resp. w) and its nonzero scalar multiple is at least n/2, C (resp. C ) has minimum distance at least n/2. C 2 can be obtained as C2:=Dual(ReedSolomonCode(GF(q), n/2)) in Magma. Using this representation, we have found vectors v ∈ C ⊥ 2 /C 2 such that v · v = 0 and wt(v) = n/2 for any q ≡ 1 (mod 4) up to 113. See Table I , where we omit zeroes on the left of v. For example, when q = 5, v = 1 2 means v = 0 0 1 2. In the lower part of the table, w denotes a primitive element of GF (q) where q = 9, 25, 49, 81. The corresponding minimal polynomials of w over GF (q) are x 2 + 2x + 2, x 2 + 4x + 2, x 2 + 6x + 3, and x 4 + 2x 3 + 2, respectively. Hence we obtain the following. 
Remark II.8. We have checked that when q = 13, C and C as defined above are equivalent. In general, we conjecture that C and C for any q ≡ 1 (mod 4) are equivalent. We also conjecture that Proposition II.7 is true for any q ≡ 1 (mod 4).
III. CONSTRUCTION OF SHORT MDS SELF-DUAL CODES
Codes with generator matrices of the form
and
are called pure double circulant and bordered double circulant, respectively, where I n is the identity matrix of order n, R and R are n × n circulant matrices and α, β, γ ∈ GF (q). The two families are called double circulant (DC) codes. A code which has generator matrix of the form
is called a quasi-twisted (QT) code, where N is an n×n negacirculant matrix. Here a negacirculant matrix has the form 
The following building-up constructions are given in [12] .
Proposition III.1. Assume that q is a power of an odd prime such that q ≡ 1 (mod 4). Let c be in 
2n with (8) . This code improves a previously known self-dual [12, 6, 5] code over GF (8) [12] . Moreover this code is optimal [9] .
the Euclidean inner product. Then the following matrix
Example III.4. Let w be a primitive element of GF (9) whose minimal polynomial is x 2 + x + 2. The DC code with first row w 7 , w 6 , w 7 , w, w is a Hermitian self-dual MDS [10, 5, 6] code over GF (9) . This code improves a previously known Hermitian selfdual [10, 5, 5] code over GF (9) [12] . The DC code with first row w 6 , w 7 , w 6 , w, w is a Euclidean self-dual MDS [10, 5, 6 ] code over GF (9) .
Glynn [8] proved that there are exactly two non-equivalent 10-arcs in PG(4, 9). Correspondingly, there are only two non-equivalent [10, 5, 6 ] codes over GF (9) , namely, the Reed-Solomon code and the so called Glynn code. The second code corresponds to the only known (q + 1)-arc in PG(N, q), q odd, 2 <= N <= q − 2, which is not a normal rational curve. It was shown in [2] (16) . The DC code with first row 1, 1, 1, 0 is a Hermitian self-dual near-MDS [8, 4, 4] code over GF (16) . Hermitian self-dual codes with parameters [6, 3, 4] or [8, 4, 4] were also constructed in [12] .
The DC code with first row w 3 , w 7 , w, 1, 1 is a Hermitian selfdual MDS [10, 5, 6 ] code over GF (16) , improving on a Hermitian self-dual [10, 5, 5] code [12] . The DC code with first row 1, w, w 12 , w, 1, 0 is a Hermitian self-dual near-MDS [12, 6, 6 ] code over GF (16) , having the same parameters as in [12] . The DC code with first row w 10 , w, w 5 , w 12 , w, 1, 0 is the first Hermitian self-dual near-MDS [14, 7, 7] code over GF (16) .
Example III.6. In [3] , a [16, 8, 9 ] MDS self-dual code over GF(23) was presented, and an MDS self-dual code of length 16 over GF(79) was given in [10] . No other MDS [16, 8, 9 ] self-dual codes over prime fields are known. For other primes 29 ≤ p ≤ 113, we give MDS selfdual codes of length 16 over GF(p) in Table II 
B. Hermitian self-dual MDS codes over GF (q
2 ) with q ≥ 11
In [12] , Hermitian self-dual (near) MDS codes of lengths ≤ 12 over GF (q 2 ) with q = 3, 5, 7, 9 are constructed. Using the buildingup construction (Proposition III.2) in Section III, we obtain Hermitian self-dual (near) MDS codes over GF (q 2 ) with 11 ≤ q ≤ 29 and lengths ≤ 16. In particular, we show the following. = w 6 so that cc = −1. We give below a generator matrix G
169,H 2
for a Hermitian self-dual near-MDS [14, 7, 7] code over GF (169). = w 8 so that cc = −1. We give below a generator matrix G
289,H 3
for a Hermitian self-dual near-MDS [14, 7, 7] code over GF (289). 
Example III.13. Let w be a primitive element of GF (23 2 ) whose minimal polynomial is x 2 −2x+5. Define c = w
= w 11 so that cc = −1. We give below a generator matrix G
529,H 5
for a Hermitian self-dual MDS [14, 7, 8] code over GF (529).
Example III.14. Let w be a primitive element of GF (25 2 ) whose minimal polynomial is
so that cc = −1. We give below a generator matrix G
625,H 6
for a Hermitian self-dual MDS [14, 7, 8] code over GF (625).
Example III.15. Let w be a primitive element of GF (27 2 ) whose minimal polynomial is x 6 + 2x 4 + x 2 + 2x + 2. Define c = w 27−1 2 = w 13 so that cc = −1. We give below a generator matrix G
729,H 7
for a Hermitian self-dual MDS [14, 7, 8] code over GF (729). 
C. Euclidean self-dual MDS codes over GF (q
In [12] , Euclidean self-dual MDS codes of lengths ≤ 12 over GF (q 2 ) with q = 7 are constructed. Using the building-up construction (Proposition III.1) in Section III with c = w
for a primitive (q 2 − 1)th root of unity w in GF (q 2 ), we obtain Euclidean self-dual (near) MDS codes over GF (q 2 ) with 9 ≤ q ≤ 29 and lengths ≤ 16. In particular, we show the following. for a Euclidean self-dual near-MDS [14, 7, 7] code over GF (81). = w 42 = 8 so that c 2 = −1. We give below a generator matrix G
169,E 2
for a Euclidean self-dual near-MDS [14, 7, 7] code over GF (169). [14, 7, 8] code over GF (13) is constructed in [3] . It is also a Euclidean self-dual MDS [14, 7, 8] for a Euclidean self-dual near-MDS [14, 7, 7] code over GF (289). = w 90 so that c 2 = −1. We give below a generator matrix G
361,E 4
for a Euclidean self-dual MDS [14, 7, 8] code over GF (361). 
